is satisfied for all large n E N := (1, 2,...}. The same assertion is already contained in his earlier paper [6) , but under the stronger hypothesis a,/2 > 6, > a;"', .
While the transcendence of A and B follows easily from Liouville's criterion, for the remaining four numbers Roth's theorem is used in [ 7] since in all these cases one can construct sufficiently sharp rational approximations depending only on the first convergents pi,(u)/ql.(u) and p:,(b)/qL,(b) of the continued fractions for A and B, respectively.
A first aim of the present note is to prove the algebraic independence of A and B under a hypothesis very similar to (1) with a slightly stronger upper bound for b,, but with a considerably weaker lower bound. More precisely one has 91 THEOREM 1. Let (a,), (b,) and A, B be as before and suppose that there exists a real r > 1 such that r-'a,>b,>azIf
holds for all n E N. Then A and B are algebraically independent and so all six numbers A, B, A f B. AB*' are transcendental. (4) as n + co. Then there exists an effectively computable number 'J,, > 0, depending only on A and B, such that the inequality max(lA-a/.lB-p])<exp(-y,lnH,lnH>) (5) has at mostfinitely many solutions (a, p, H, , H2) E (132' x n\l' with h(a) < H, , h(/3) < H,, where H,, H, > 4. 
Here the qk(a), qk(b) are deJined by (6) with c0 := 0 and ck := akr ck := b, resp. for k > 1.
Proof. By so(a) = 1 = q,,(b) and ql(a) = a, > rb, > r"2q,(b) inequality (7) is correct for k = 0, 1. Now let k > 2 and assume that (7) is satisfied for k -1 and k -2. Then one has by (6) q,(a) > r'k'1"2bkqk-,(b) + r'k~2"2qk-2(b)
Namely, the last inequality is equivalent to qk(b) > (1 + r-l" + r-') qkp2 (b) and this is true since one has by (6), remark r > 1.
The main tool in the proof of Theorem 1 will be the following sufficient criterion for algebraic independence due to Durand [4] : 
Remark. A proof can be found in 121. Here "Log" means the principal value of the complex logarithm. Lemma 5 is proved in ]9] too, but without specified constant y, in (9) .
The last lemma contains the following result on vanishing linear forms due to Bijlsma 131: w ere k = k(tz) f [N will be choosen appropriately later in terms of the parameter n E b1: By (iii) of Lemma 1 and by Lemma 3 one has for all k E N, 
will suffke. Suppose now that n E PJ satisfies 2% I < r(n-Z)fl/? and 2n < rZn+ I",
Then one has n 3 3 and choosing k := 2n the second inequality in (14) gives (1 l), whereas the first shows the truth of (13), if aI,, 2 qlnm ,(a)"-' is satisfied and this is indeed true since by (iv) of Lemma 1 and by (3). Namely, by (3) one has for all k > 3 : af-, < ai:; <Flak < ak. So condition (8") of Lemma 4 is satisfied for all n large enough and the algebraic independence of A ' and B ~ i gives Theorem 1.
Proof of Theorem 2. Assume that for all c E IPt the inequality max(lA -al, lB -PI)<exp(-cln H, In H,)
has infinitely many solutions (a,P, H,, H,) E :Q' x AJ' with h(a) < H,, h(j?) < H, and H,, H, > 4. It is clear that the product In H, In H, cannot be bounded and therefore one can suppose from now on, that only such solutions of (15) are considered for which this product is already larger than some positive constant yz depending only on A and B. Since the two numbers A, B are larger than 1, one can especially assume both a and j3 larger than 1.
Then by the mean value theorem
IlnA -lnai=A l",(,yA) < IA -al < exp(-c In H, In H,)
and so with y :=A" E fa IPlna-Iny~=IP(lna-lnA)+(P-B)lnAi < y3 exp(-c In H, In H,).
If the left-hand side of (16) 
Remark.
It should be mentioned that inequality (18) could be derived from the main result in [2] , but with unspecified constant. for n > n,(c) and the same inequality holds for IB -p:,p,(b)/q:,m,(b)l. This shows that the conclusion of Theorem 2 fails and one has the transcendence of A" as soon as (4) is for n > 0 condition (4) follows from the last condition for the sequence (b,) in the corollary which is thus proved.
